We apply a self-consistent relativistic mean-field variational ''Gaussian functional'' (or optimized oneloop perturbation theory, or Hartree þ RPA) approximation to the extended N f ¼ 2 linear model with spontaneously and explicitly broken chiral SU R ð2Þ Â SU L ð2Þ Â U A ð1Þ Oð4Þ Â Oð2Þ symmetry. We set up the self-consistency, or gap equations that dress up the bare fields with ''cactus tree'' loop diagrams, and the Bethe-Salpeter equations that provide further dressing with one-loop irreducible diagrams. In a previous publication [V. Dmitrašinović and I. Nakamura, J. Math. Phys. (N.Y.) 44, 2839 (2003).] we have already shown the ability of this approximation to create composite (i.e., bound and/or resonance) states. With explicit SU R ð2Þ Â SU L ð2Þ Â U A ð1Þ chiral symmetry breaking first we consider how the U A ð1Þ symmetry induced scalar-pseudoscalar meson mass relation that is known to hold in fermionic chiral models is modified by the bosonic gap equations. Then we solve the gap and Bethe-Salpeter equations numerically and discuss the solutions' properties and the particle content of the theory. We show that in the strong-coupling regime two, sometimes even three solutions to the meson channel Bethe-Salpeter equation may coexist.
I. INTRODUCTION
Properties of the light scalar mesons are a long-standing puzzle in hadron-nuclear physics. It has been known at least since Ref. [1] that the q " q scalar meson masses are largely determined by the explicitly broken U A ð1Þ chiral symmetry of QCD. The U A ð1Þ chiral symmetry breaking is not the only physical mechanism important for the scalar meson spectrum, however. Interactions of two pseudoscalar (isovector) mesons (pions) have long been suspected of providing some (most?) of the attractive strength in the (isoscalar) scalar channel. These pion-pion interactions are largely controlled by the SU L ð2Þ Â SU R ð2Þ chiral symmetry. Explicit quark models with SU L ð2Þ Â SU R ð2Þ Â U A ð1Þ chiral symmetry are ill-suited/too complicated for the study of meson-meson interactions, however, so one wishes to replace them with simpler chiral models that contain meson fields only.
One (simple) class of chiral models that contains the SU L ð2Þ Â SU R ð2Þ Â U A ð1Þ chiral symmetry and its breaking as well as both the pseudoscalar and the scalar mesons is the linear sigma model [2] , in its various forms, that depend on the number of (light) flavors N f and the strength of the U A ð1Þ chiral symmetry breaking. It is well known, however, that such models invariably ''work'' in the strong-coupling mode in order to reproduce the most basic observables, such as the meson masses. Moreover, such strong coupling of ''elementary'' mesons may lead to the dynamical formation of new scalar resonances in the form of composite states of two pseudoscalar mesons.
Manifestly, ordinary perturbation theory cannot be used for such purposes, so one must turn to nonperturbative methods that satisfy restrictions imposed by chiral symmetry. There are (relatively) few such methods, e.g., 1=N expansion [3] , various N=D schemes [4] , the optimized perturbation theory [5] , the mean-field Hartree [6] þ RPA [7] , variational approximation based on the Gaussian functional ansatz [3, 8, 9] , etc.). It turns out that most, if not all, of them are (closely) related, if not exactly equivalent to each other; for a detailed study of their relationships see Ref. [10] . In this paper we shall use the variational Gaussian functional approximation (GFA) because its chiral symmetry properties have been developed in perhaps the most explicit detail [11] .
To this end we wish to continue the study of the threeflavor U L ð3Þ Â U R ð3Þ symmetric linear sigma model [2, 12, 13] in the nonperturbative Gaussian functional approximation [14, 15] . This model has a large number (18) of elementary spinless fields that lead to an even larger number of possible pairings in the Bethe-Salpeter (BS) equations. The study of their solutions necessarily involves a large number of coupled channel equations. Moreover, some of these equations are made even more complicated by the (further) mixing of the flavor singlet and the eighth member of the flavor octet.
For this reason we shall use here a linear sigma model that is simpler than Levy's full N f ¼ 3 version, viz., the two-flavor 't Hooft model [16] that nevertheless still contains realistic U A ð1Þ chiral symmetry breaking, but avoids the flavor-singlet-octet mixing. Its Lagrangian contains ''only'' eight, rather than 18 elementary boson fields, thus making the number of coupled channels in the BS equation manageable. We apply the variational Gaussian Functional Approximation to this model.
We emphasize here that we do not attempt to address the twin problems of the vacuum stability and high-energy behavior (''triviality'') of spinless field theories in Gaussian approximation (GA) [17] [18] [19] because the 'tHooft model is an effective low-energy field theory describing the interactions of mesons as bound states of quarks and antiquarks in the long-wavelength limit [1] . We assume that QCD, i.e., not the 4 interaction, controls the physics at high energies and thus ensures the stability of the vacuum. Exactly how this happens does not concern us here-the cutoff Ã is supposed to mimic the transition from the mesons to the quark-gluon d.o.f. in some (crude) way-it is the question of how these mesons interact at low and intermediate energies that interests us here.
We solve numerically the resulting gap and BetheSalpeter equations and discuss the particle content of the theory in this approximation. That allows us to study the effects of strong coupling on the scalar spectrum in some detail. That is where our most interesting results lie:
(1) the solutions to the gap equation, i.e., the nonperturbatively dressed meson masses may, but need not depending on the values of certain bare coupling constants, satisfy a certain U A ð1Þ chiral symmetry breaking induced mass relation that holds in the original quark model. The original [Nambu-JonaLasinio (NJL)] quark model predicts definite values of these coupling constants that lead to a (small) violation of the U A ð1Þ mass relation, thus indicating that the boson loops tend to spoil/overturn some of the fermion-loop induced mass effects. (2) in certain regions of the coupling constant parameter space we find new (quasi/pseudo NambuGoldstone) meson bound states with exotic quantum numbers. (3) in the meson (nonexotic) channel we find a proliferation of states with identical quantum numbers that accompanies the vanishing mass of the meson (dynamical restoration of the U A ð1Þ symmetry?) in the strong-coupling limit. Their masses are always comparable to, or larger than the cutoff Ã value, however, thus making them questionable as bona fide states. Thus we have looked at the dynamically generated resonances in the parts of the spinless sector and found dynamically generated states. We expect that at least some of the flavor channels in the N f ¼ 3 model will be faithfully represented by this model, because the flavor-mixing effects do not enter significantly into it. For this reason the present study of the 't Hooft model ought to be considered as a preparatory work for the full N f ¼ 3 calculation that has recently been restarted [15] . We hope that this work will ultimately lead to the clarification of the scalar meson spectroscopy, and, in particular, of the so-called meson problem.
This paper falls into five sections. After the Introduction, in Sec. II we introduce the linear AE model. In Sec. III we outline the Gaussian approximation. In Sec. IV we solve numerically the gap and the Bethe-Salpeter equations and analyze the solutions. Finally we summarize and draw conclusions in Sec. V. A derivation of the Bethe-Salpeter equations in the pseudoscalar sector is given in Appendixes A and B.
II. THE 'T HOOFT MODEL
The original two-flavor Gell-Mann-Levy (GML) linear sigma model does not represent a realistic image of the spinless q " q meson spectrum: this model maximally violates the U A ð1Þ symmetry [1] . In response to this fact 't Hooft [16] extended the original GML linear sigma model [20] to include isovector scalar and isoscalar-pseudoscalar meson degrees of freedom [16] .
The 't Hooft model consists of two coupled GML linear sigma models [20] , one consisting of four light(er) ð; Þ and the other of four heaver mesons ð; Þ. The light-meson sector consists of three massless pions and one massive isoscalar scalar meson, while the heavier-meson sector contains three heavy isovector scalar mesons and one lighter than these, but still heavy isoscalar-pseudoscalar meson. In the limit when the 't Hooft coupling, or mass m tH is much heavier than any other mass scale in the problem, the heavy meson sector effectively decouples and the whole model is well approximated by the light sector. The latter is nothing but the Gell-Mann-Lévy linear sigma model, however. In this sense, we now understand how the GML linear sigma model can be both consistent with quark model and a good approximation to the chiral meson dynamics [2] .
Both the Gell-Mann-Levy [20] and the 't Hooft [16] two-flavor model have the structure of an O(N) sigma model. Each consists of chiral quartets: the GML model of one O(4) multiplet, the 't Hooft model of two mesonquartets which can be ''lined up'' in one (broken) O(8) symmetry multiplet. The latter model differs in one important respect from the former: the U A ð1Þ symmetry is broken in a realistic manner. Admittedly it does not contain the full SU(3) chiral symmetry, but the general features of this SU(2) and the Levy SU(3) model are identical. Bosonization of the chiral quark model leads to equality of the two quartic coupling constants 1 ¼ 2 [1] .
Definition of the model
The 't Hooft's [16] extension of the linear sigma model Lagrangian reads
The meson field matrix M is a complex 2 Â 2 matrix
composed of scalar AE and pseudoscalar Å meson field quartets,
where T a ¼ Equation (1) is equivalent to the following
which describes the dynamics of the two chiral mesonquartets, ð; Þ and ð; Þ, in this model, and 1 ; 2 ; ; are the bare coupling constants (we keep here 't Hooft's original notation although other authors, see, e.g., Ref. [14] use a different definition of 0 2 ! 2 ; 0 1 ! ð 1 À 2 Þ, which may lead to confusion). The 2 Â 2 matrix H breaks the chiral SU L ð2Þ Â SU R ð2Þ symmetry explicitly (thus inducing nonvanishing NambuGoldstone boson mass(es))
where h a are the four explicit chiral symmetry breaking parameters. Only two (diagonal) ones, a ¼ ð0; 3Þ, are physically relevant and one, a ¼ 0, is dominant. In this paper, we shall only study the case h 0 Þ 0, so that the isospin SUð2Þ symmetry remains conserved. Thus, the explicit chiral symmetry breaking (SB) term in the Lagrangian Eq. (4) is
as suggested by the underlying QCD theory and/or chiral quark model. This term also gives the meson a nonvanishing mass that breaks the U A ð1Þ symmetry, but this breaking is insufficient, as in that case one finds m ¼ m .
In order to account for m Þ m , we must introduce the nonvanishing coupling that leads to (further) explicit breaking of the Oð2Þ ' U A ð1Þ symmetry. As there are no states in the isotriplet that can mix with the isosinglet in the good isospin limit, there is no mixing problem in this model, in contrast to the SU(3) version of the model. Any nonvanishing value of the angle leads to the explicit (not spontaneous) CP violation in this model, so we set it equal to zero. Then the only effect of the U A ð1Þ symmetry breaking interaction in the 't Hooft model is the meson mass shift [1] :
Thus we see that the 't Hooft model consists of two coupled Gell-Mann-Lévy (GML) linear sigma models [20] , one with a light and the other with a heavy quartet of mesons. The next question is: Do the bosonic loop effects enhance or decrease this meson mass splitting? Does it change this mass ''sum rule''? To answer these questions we must develop the GA to the 't Hooft model.
Note that the symmetries of the various parts of the interaction Lagrangian also vary: (i)
implies Oð8Þ symmetry.
(ii)
implies Oð4Þ symmetry and the number of NambuGoldstone bosons must change accordingly. We may rewrite the Lagrangian Eq. (4) in the following '' shorthand notation'' form which will turn out useful later
where h a a ¼ ". The coefficients F abcd and H abcd are given by
Here the indices a, b, c, d run from 0 to 3, and indices i, j run from 1 to 3.
III. THE GAUSSIAN VARIATIONAL METHOD
The linear sigma model is a strongly interacting renormalizable quantum field theory; due to the size of the self-interaction coupling constant(s) the perturbative approximations seem to be inapplicable. Therefore, a nonperturbative approximation, such as the Gaussian functional one, that is equivalent to the resummation of certain infinite classes of Feynman diagrams that are unitary and causal [3, 9, 10] , [21, 22] is called for.
In this paper we apply the chirally invariant, Lorentz invariant self-consistent mean-field variational approximation [Gaussian functional approximation] [3, 8, 9 ] to the extended ('t Hooft) linear sigma model. The major improvement that we bring forward in this paper is the correct implementation of the chiral symmetry in this nonperturbative approximation. For that purpose we have proven the chiral Ward-Takahashi identities, among them the Nambu-Goldstone theorem, the Dashen relation and the axial current (partial) conservation (PCAC) in this approximation [10, 22] . This method sometimes also goes under the names of self-consistent mean-field approximation (MFA), or Hartree þ RPA. In the following we shall treat these two terms as if they were synonimous. The GFA consists of two parts: 1) the (Hartree) energy minimization, or gap equations; and 2) the two-body, or Bethe-Salpeter, or RPA equations of motion. Each one of these steps leads to an effective change (dressing) of particle masses/selfenergies.
The basic question is: Does the first meson dressing due to the gap equation in the GFA enhance or decrease the U(1) induced scalar meson splitting? Does the second dressing produce new scalar, or pseudoscalar states? To answer these questions we must develop the GFA to the 't Hooft model.
A. The Gaussian functional approximation
We use the Gaussian ground state (''vacuum'') functional Ansatz
where N is the normalization constant, h a ðxÞi ¼ " a is the vacuum expectation value (v.e.v.) of the a-th scalar field, which we shall henceforth assume to be translationally invariant h a ðxÞi ¼ h a ð0Þi h a i and
Here we have assumed conservation of the parity symmetry of the vacuum, i.e., that the pseudoscalar fields have vanishing v.e.v.s: h a i ¼ 0. Furthermore, note that we have explicitly kept ℏ (while setting the velocity of light c ¼ 1) to keep track of quantum corrections and count the number of ''loops'' in our calculation. Finally the vacuum energy density/effective potential can be written in shorthand notation as
where
We identify ℏI 1 ðm a Þ with the familiar ''zero-point'' energy density of a free spinless field of mass m a .
The divergent integrals I 0;1 ðm a Þ are understood to be regularized via an UV momentum cutoff Ã. Thus we have introduced a new free parameter into the calculation. This was bound to happen in one form or another, since even in the renormalized perturbation theory one must introduce a new dimensional quantity (the ''renormalization scale/point'') at the one-loop level. We treat this model as an effective theory and thus keep the cutoff without renormalization.
B. The energy minimization, or gap equations in 't Hooft model
In order to minimize the energy density, we take the first derivatives of the energy density Eq. (14) with respect to the field vacuum expectation values h a i ¼ " a Þ and the ''dressed'' masses a ; M a and set them equal to zero:
These are not sufficient conditions for the (local) minimization, however, but merely necessary. In other words they ensure that only their solutions are extrema or saddle points of the energy. For absolute minimization one needs the second variation of the energy to be positive. Then, one must compare the actual values of the energy at all such local minima in order to find the absolute one.
So the first question is when are these extrema/saddle points actual (local) minima, i.e., when is the sign of the second variation of the energy positive? This question has already been dealt with in Ref. [17] in the case of single component fields, i.e., with no spontaneously broken internal symmetry. The case with multiple fields is not fundamentally different from the single field case: the main technical difference is that one has a matrix of second derivatives rather than individual ones. Positivity of such a matrix is ensured by the positivity of (all of) its principal minors. One can show that this condition is related to the twin requirements of a) positivity of the mass-squared matrix, and b) positivity of the (renormalized) coupling constants. The latter is tantamount to avoiding the Landau ghost singularity at all values of momenta. As this Lagrangian does not lead to asymptotic freedom, its Landau ghosts lie at high (rather than low) momenta. Stevenson et al. [18, 19] have shown that, as a consequence of such a Landau ghost, one finds another (infinitely deep) minimum of the energy in the limit when the v.e.v. goes to infinity/grows without bounds. Thus the problem of stability of the vacuum is closely related to the high-energy behavior of the theory, which we have expressly decided to avoid, due to the effective nature of the present model.
Equations (18)- (20), determine the dressed masses a ; M a and the vacuum expectation values of the meson fields h a i ¼ " a Þ and sometimes go by the name of gap equations for scalar and pseudoscalar mesons. The first set of energy minimization Eqs. (18) is given in shorthand notation by
or, in the longhand notation
h a i ¼ 0; a¼ 0; 1; 2; 3;
where the divergent integral I 0 ðm i Þ given by Eq. (16) is understood to be regularized via an UV momentum cut off Ã, either three-, or four-dimensional. Equations (22) and (23) can be identified as truncated Schwinger-Dyson (SD) equations [8] for the one-point Green function, see Fig. 1 . We associate the nonvanishing vacuum expectation value (v.e.v.) with the ''sigma meson'' field 0 , whose apparent mass equals m 0 ¼ M , and the remaining seven fields' h a i ¼ 0; a ¼ 1, 2, 3 and
The second set of energy minimization Eqs. (19) in shorthand notation are 
or in longhand notation
where the divergent integral I 0 ðm i Þ is given by Eq. (16) and (25)- (28). also have a Feynman-diagrammatic interpretation shown in Fig. 2 . Upon inserting Eq. (22) into Eqs. (25)-(28) one finds the following four gap equations:
Let us now look at various symmetry limits:
(1) If we take the 2 ! 0 and ! 0 limit, the solutions to the gap equations Eqs. (31) and (32) become degenerate
, whereas the solution to the gap equation Eq. (29) M 2 remains distinct. This is the O(8) symmetry limit. One might be tempted to identify with the physical pion mass, and M with the physical mass, then solve these equations and stop there. However, with " ¼ 0 these equations admit only massive solutions M > > 0 for real, positive values of 1 ; 2 0 and any real ultraviolet cut off Ã in the momentum integrals I 0;1 ðm i Þ as these are positive definite (for any real mass). In other words the ''pion'' a ; ða ¼ 1, 2, 3) excitations are massive, with mass Þ 0, in MFA, even in the chiral limit. This looks like a breakdown of the Oð4Þ invariance of this method, but, as discussed at length in Ref. [21] , there is a solution via the Bethe-Salpeter equation. distinct. This is the Oð4Þ Â Oð2Þ symmetry limit. (3) In the 2 ! 0 limit, while keeping Þ 0, the solutions to the gap equations, if they indeed exist, do not satisfy the same U(1) sum rule. To see the problem with the existence of solutions to the gap equation in this case, just look at the mass differences
Equation (33) is inconsistent with the inequality M 2 > 2 , at least with the three-dimensional regularization of I 0 . Therefore, we must let 2 Þ 0.
(3) If we take the 1 ! 2 limit, while keeping Þ 0, all of the solutions to the gap equations Eqs. (29)
. It is interesting to note that these solutions still satisfy the same (Born level) sum rule so long as 1 ¼ 2 holds. Consequently,
and the two isoscalar-pseudoscalar channels have nearby (if not identical) thresholds:
Before proceeding to solve the gap Eqs. (29)-(32), we will have to determine the value of the " parameter in terms of observables calculated in the Gaussian approximation. For this purpose we will also have to use the Bethe-Salpeter equation.
C. The Bethe-Salpeter equation in the pseudoscalar sector
In Ref. [11, 21] we have shown that the NambuGoldstone particles appear as poles in the two-particle propagator, i.e., they are bound states of the two distinct massive elementary excitations in the theory.
We specify the two-body dynamics in the theory in terms of the four-point SD equation or, equivalently, of the Bethe-Salpeter equation, see Figs. 3 and 4, Here we shall simply state the correct form of the four-point SD equation based on the truncation of the exact SD equation [8] . The derivation from the Gaussian approximation, in the symmetric phase of the theory can be found in Ref. [3] . The corresponding derivation in the asymmetric (NambuGoldstone) phase can be found in Ref. [6] . Moreover, this BS equation is the ''random phase approximation'' (RPA) equation of motion that describe ''quasiparticles'' in this theory, see Ref. [6, 7] .
IV. NUMERICAL SOLUTIONS A. The self-consistency, or gap equation
Having determined the value of the parameter " ¼ vm 2 in terms of observables, one can solve the gap equations. We fix the v.e.v. v at the pion decay constant f value of 93 MeV and the physical pion mass at m ¼ 140 MeV and let 1 ! 2 . Thus the system of gap Eqs. (29)- (32) turns into four equations:
As noted earlier, the U A ð1Þ mass sum rule
reduces the number of independent equations to three. We fix the values of 1 ¼ 2 , v ¼ f and that leaves us with three equations with three variables, which may be chosen at will from the four masses ; ; M ; M , while taking into account the U A ð1Þ sum rule. So, if one fixes one of the three independent masses, e.g., , one ends up with two equations with two unknowns. Moreover, note that one more parameter, in this case the cutoff Ã, remains free. This leads to a set of equations that can be solved just as in the GML limit [22] . Here we use I 0 ðmÞ Eq. (16) as the basic integral to be regulated. We show here the results for the ''covariant''/ Euclidean four-dimensional Euclidean cutoff regularization of this quadratically divergent integral
Note that the 1 ¼ 2 condition leads towards a reduction of the degree of divergence in the gap equations, viz.
where the leading quadratic divergences cancel in the sum/difference. Every point on the ðM ; Þ curve represents a solution to the gap equation, thus signalling the existence of a degree of freedom in the form of one continuous (free) parameter. This free parameter can be related to the bare coupling constant 1 by Eq. (25), for every ðM ; Þ pair.
In Fig. 5 we see that with increasing cutoff Ã all solutions to the gap equation approach the symmetry restoration limit M ! for large values of M , or equivalently large 1 . This means that the large boson loop effects lead to chiral symmetry restoration, in contrast to the fermion loops which lead to symmetry breaking.
Moreover, as can be seen in Fig. 6 , the solutions to the 't Hooft model gap equations approach (slowly) the GML model limit [22] , as the U A ð1Þ symmetry breaking is increased, i.e., as !/ , denoted as the O(4) symmetry case in Fig. 6 .
Thus we have shown that we can smoothly recover the old GML model results Ref. [22] . Just as in the GML model case, these ''single-particle Hartree'' masses are not the physical ones. To obtain the physical masses one must solve the (two-body) Bethe-Salpeter equations.
B. The Bethe-Salpeter Equation for the meson mass
We reduced solving the BS equations in the isoscalarpseudoscalar channel to solving a single algebraic equation Eq. (B6) involving transcendental analytic functions I M ðsÞ with branch cuts at and imaginary parts above the corresponding thresholds. There are two such branch cuts, as there are two thresholds: ð; Þ and ð; Þ whose numerical values are determined by the gap equations. The BS mass equation has in general both the real and the imaginary part: for mass values lying below the lowest two-body threshold only the real part is relevant; for heavier masses one must take the imaginary part into account as well.
From numerical solutions to the real part of Eq. (B6) one can see that the mass is always shifted downward from the elementary field's mass , in agreement with the variational property of the mean-field approximation.
With increasing coupling constant 1 the solution to the mass BS equation solution increases above the M threshold and the bare and dressed components of the wave function cannot be separated any more. Then the state itself must be considered as predominantly a meson-meson composite [23] .
In Figs. 7-9 we see that there is at first only one, then three and finally two solutions. There one can see that the mass changes continuously with decreasing coupling 1 and connects smoothly to the perturbative mass M in the weak coupling limit. (One must keep in mind that increasing M implies increasing the (bare) quartic coupling 1 ¼ 2 , while keeping the pion decay constant v fixed at its experimental value 93 MeV.) The lowest (mass) branch corresponds to the usual ''physical'' (the quotation marks here only mean that this meson does not exist in the PDG tables) mass, but it disappears for sufficiently large M . The two upper branches are novel effects: They appear at, or near new thresholds (in this case at the À and À ones), and the lower one may be a bound state. We have taken drastically different values of the Ã 4 = ratio so as to make sure that this is not an Their masses appear to scale with the cutoff Ã 4 , however, at least in the region studied here, so that the question of their physical significance may rightfully be raised. In order to understand the particle content of this approximation we employ the Kallen-Lehmann spectral function [10, 23] . The lower of the two dynamical poles lies below the À and À thresholds and is therefore a bound state that appears as a Dirac delta function in the spectrum around 1200 MeV (not displayed in Figs. 10 and 11 ), whereas the higher one lies above the À and À thresholds and roughly corresponds to a broad bump around 1400 MeV in the spectral function [23] , see Figs. 10 and 11. The question of the physical meaning of the heavier of the two branches arises, i.e., if actual poles exist on the second (unphysical) Riemann sheet of the S-matrix, that can be associated with this zero in the real part of the inverse propagator [10, 23] ? This question is more difficult to address, as it demands analytic continuation onto the second Riemann sheet and will be left for a future investigation. Thus we have seen that above some critical value of 1 there is one bound and one unbound state in the spectrum. In chiral quark models such as the NJL one, the quartic coupling constant 1 can be related to the constituent quark mass m q by 1 ¼ 4m 2 q f À2 [1] , thus for sufficiently large constituent quark mass (> 325 MeV) there might be state doubling in the isoscalar-pseudoscalar spectrum. The mass of the heavier state is comparable to, or higher than the cutoff Ã value, however, thus leaving it open to questions.
V. SUMMARY AND CONCLUSIONS
In summary, we have: 1) constructed a unitary, Lorentz and chirally invariant, self-consistent variational approximation to the 't Hooft linear model; 2) solved the coupled self-consistent equations of motion in this, the mean-field plus random phase approximation (MFA þ RPA). 3) shown that the particle content of the mean-field plus random phase approximation to the 't Hooft linear sigma model is the same as in the Born approximation in the weak coupling limit, i.e., there are four quasiGoldstone bosons ð; Þ and four scalar states, in the weak coupling limit. 4) found that the pions' mass is fixed at the measured value (140 MeV), as a consequence of the validity of Dashen's relation in the MFA þ RPA, whereas the isoscalar-pseudoscalar meson's mass and width can be substantially changed as compared with the Born values, depending on the (free) coupling parameters. 5) calculated the nonperturbative meson mass by solving the Bethe-Salpeter equation. We found a second and even a third solution at higher values of mass and coupling; their physical meaning is unclear at this moment.
We did not attempt to address the issues of vacuum stability and high-energy behavior (triviality) of spinless field theories in GA because the 'tHooft model is an effective field theory describing the interactions of mesons as bound states of quarks and antiquarks in the low-energy limit [1] . We have assumed that QCD, i.e., not the 4 interaction, controls the physics at high energies and thus ensures the stability of the vacuum. The transition from the meson to the QCD d.o.f. is supposed to be mimicked by the cutoff Ã. We have checked that our basic results do not disappear as one increases the value of the Ã= ratio.
Thus we have shown that the Gaussian variational approximation to the 't Hooft model produces two additional bound/resonant states in the isoscalar-pseudoscalar meson spectrum, depending on the quartic meson coupling strength, or equivalently on the constituent quark mass in the underlying chiral quark model. The masses of these states are comparable to, or larger than the value of the cutoff Ã, however, thus leaving them questionable as physical predictions. A similar mechanism, if it turns out to be independent of the cutoff, might help shine light on the nature of the f 0 ð980Þ and a 0 ð980Þ mesons in more realistic models. That task remains for the future, however.
The mean-field approximation (MFA), or Gaussian method was initially fraught with problems when applied to the linear model with spontaneously broken internal symmetry-the Goldstone theorem did not seem to work. This problem was solved in Ref. [21] : The Goldstone boson found in the Gaussian approximation turned out to be a composite massless state, just as in the NJL model. Yet, there seemed to exist another massive state with the quantum numbers of the pion. That was so only in appearance: there is no pole in the propagator corresponding to this ''particle''.
The MFA to the purely bosonic linear model is significantly different from the (purely fermionic) NJL one in one regard: Whereas in the NJL model the gap equation ''dresses'' the fermions and the BS equation describes mesons as bound states of dressed fermions, in the linear model both the gap and the BS equations ''dress'' mesons in two different ways: 1) the gap equations involves one-particle reducible ''cactus'' diagrams that produce only a momentum-independent self-energies/masses; 2) the BS equations involves one-particle irreducible diagrams that produce only momentum-dependent selfenergies. But the traces of the first dressing remain in the theory even after the second dressing has been implemented and this fact has led to some confusion about the particle content of this approximation. An even more complicated situation occurs in the scalar meson sector. We hope to extend these calculations to physical applications in the more realistic SU(3) symmetric Lagrangian in the future. 
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In order to extract the pole mass (position) we multiply the numerator in Eq. (A6) which is just the discriminant of this system of linear equations by ðs À 
In order to extract the pole mass (position) we multiply this by ðs À 2 Þ and then look for the zeros.
